Abstract-In this paper, we derive bounds to the channel capacity of orthogonal frequency division multiplexing (OFDM) systems over the underwater (UW) acoustic fading channel as a function of the distance between the transmitter and the receiver. The upper bound is obtained under perfect channel state information (CSI) at the receiver. The lower bound is obtained assuming the input is drawn from phase-shift keying (PSK) constellation which results in non-Gaussian distribution of the output signal and no CSI. The reduction from the upper bound is due to limited mutual information that can be conveyed by PSK constellation and the linear minimum mean square prediction error. Our UW channel deviates from the wide sense stationary and uncorrelated scattering (WSSUS) model commonly used for small bandwidths. We incorporate frequency-dependent path loss due to the acoustic propagation into each arrival path between the transmitter and the receiver. This leads the UW channel to be modeled as a frequency-dependent doubly spread fading channel characterized by the wide sense stationary and correlated scattering (WSS-non-US) fading assumption. Both Rayleigh and Ricean fading assumptions are investigated in our model. Results from the model show a gap between the upper and lower bounds which depends not only on the ranges and shape of the scattering function of the UW channel but also on the distance between the transmitter and the receiver. Our model for the scattering function was suggested by Rescheduled Acoustic Communications Experiment (RACE08) experimental data, leading to a multilag autoregressive (AR-) model for the fading.
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I. INTRODUCTION
O RTHOGONAL FREQUENCY DIVISION MULTI-PLEXING (OFDM) [1] is a multicarrier transmission technique which has been widely used in many broadband wireless standards such as digital audio/video coding (DAB/DVB), wireless local area network (IEEE802.11g), and WiMax (IEEE802.16). OFDM avoids intersymbol interference (ISI) Manuscript from multipath fading by transmitting data in parallel subchannels with gains equal to the channel's frequency response. Recently, OFDM has been applied to the underwater (UW) acoustic communications [2] - [5] and yields high data rate with strong bit error rate performance. Data transmissions through UW channels prove challenging due to the detrimental effect of time and frequency spreading. Time spreading is caused by not only the arrival of multiple delay paths, but also the channel physics such as the attenuation and reflection loss which induce frequency-dependent path loss on each path [6] , [7] . For frequency spreading, relative movement between the transmitters and the receivers or dynamic motion of the medium causes time-varying Doppler shift which can be significant due to the slow sound speed. Several attempts have been made for realistic channel characterization and the widely accepted one views the UW channel as a linear time-varying channel with wide sense stationary and uncorrelated scattering (WSSUS) [8] - [10] . However, this treats the entire frequency band as a whole, neglecting frequency-dependent path loss due to the channel physics on each arrival path. This model is acceptable for data transmission only at low bandwidth ( 10 kHz) [9] .
Channel capacity [11] has been used as a benchmark for determining the maximum data rate given a source power and bandwidth. To exhibit the capacity under practical limitations, several works [12] - [15] study the capacity over WSSUS fading channels under the following assumptions: 1) no channel state information (CSI) is available at the transmitter or the receiver, and 2) peak power constraints. It is shown that channel capacity is achieved at a specific signal bandwidth, called the capacity maximizing bandwidth, which depends on the ranges and shape of the scattering function of the fading channel. These studies have been conducted over wireless fading channels which assume constant power spectral density (PSD) and additive white Gaussian noise (AWGN).
Despite widespread research on the capacity for wireless communications, few have been done in the UW acoustic communications. Kwon and Birdsal [16] study the capacity over a time-invariant channel with additive Gaussian noise. Hayward and Yang [17] analyze the capacity over single and multiple channels using data from experiments. Stojanovic [6] develops the capacity as a function of the transmission distance between the transmitter and the receiver. All assume no fading in their UW channels.
In this paper, influenced by [12] - [15] , we investigate the capacity of OFDM systems over the UW fading channels with no CSI at the transmitter or the receiver. The main difference of our work from [12] - [15] is the characterization of the UW channel. The UW channel is modeled by taking into account frequency-0364-9059/$26.00 © 2011 IEEE dependent path loss due to the acoustic propagation which depends on the signal bandwidth and propagation distance of each arrival path. This invalidates the assumption of stationarity in frequency of the WSSUS model and leads to a frequency-dependent doubly spread (DS) fading channels characterized by the wide sense stationary and correlated scattering (WSS-non-US) [18] assumptions. Compared to the conventional WSSUS model which is uncorrelated in both delay and Doppler domains, the proposed model is still uncorrelated in the Doppler but correlated in the delay domain. Using this channel model, we derive the capacity upper and lower bounds by assuming the acoustic propagation and ambient noise PSD are available at both the transmitter and the receiver. The capacity upper bound is derived assuming perfect CSI at the receiver. The capacity lower bound is obtained by the mutual information rate whose input is an independent and identically distribution (i.i.d.) random variable (RV) and is drawn from a PSK modulation [12] , [19] . This results in a non-Gaussian distribution for the output signal. Based on several fading models of the underwater channels [8] , results are obtained when statistical property of the UW channels is model by Rayleigh and Ricean fading. Reduction from the upper bound is due to the limited mutual information that can be conveyed by PSK constellation and the linear minimum mean square error (MMSE) prediction error. Simulation results show a gap between the upper and lower bounds which depends not only on the ranges and shape of the scattering function of the UW channel, but also the distance between the transmitter and the receiver. Results are confirmed when tested with the scattering function we obtain from the 2008 Rescheduled Acoustic Communications Experiment (RACE08) experimental data.
We use cyclic-prefix OFDM (CP-OFDM) as a framework to investigate channel capacity. Applications to other block-based multicarrier transmissions are straightforward and will be considered as future work. This paper is organized as follows. In Section II, we discuss OFDM system model and propose frequency-dependent UW DS fading channels. Then, we derive capacity upper and lower bounds of the OFDM systems in Section III. ICI analysis on the limitations of our model and simulation results are presented in Section IV. Section V shows results over experimental data.
Notation: Let be a column vector. is a diagonal matrix with on its diagonal; is the expectation; , , denote complex conjugate, Hermitian, and transpose, respectively; means a circularly symmetric complex Gaussian random vector with zero mean and covariance matrix ; ; is convolution.
is the element-wise product of matrix and .
II. OFDM SYSTEM AND UW CHANNEL MODEL
In this section, we develop an OFDM system model for UW acoustic communications. Then, we study physical and statistical properties of UW channels and propose a frequency-dependent UW DS fading channel. Finally, the PSD of the ambient noise is investigated.
A. OFDM System
We consider a conventional CP-OFDM system [1] . The discrete-time equivalent baseband model is shown in Fig. 1 . 
Let
and denote an input and its corresponding output block of data which are sent and received at the th OFDM symbol duration, respectively. Assuming the guard interval is longer than the channel length to avoid the interblock interference (IBI), the input/output relationship can be written as (1) where is the subcarrier index and . is the distance between the transmitter and the receiver.
denotes the channel transfer function at the th subcarrier. This simplifies the fading effect into multiplicative coefficient and will be the basis for analysis of the UW channels for the rest of this paper. Its relationship with the distance will be elaborated on in Section II-B. We assume the impact of ICI is negligible through appropriate parameter settings discussed in Section IV-A and justified in Appendix I.
is the ambient noise in the ocean explained in Section II-C.
For simplicity, we characterize the overall system input/output of the entire OFDM transmissions by a vector of size (2) where and (3) and (4) and (5) and (6) These matrices will be used to derive channel capacity in Section III.
B. Characterization of the Approximate DS Fading Channels
UW channels are characterized by physical and statistical properties. The physical property is the attenuation which depends on the propagation distance and bandwidth of the transmitted signal. For the statistical part, the channel is usually assumed WSSUS. We model a channel by taking into account both properties to form a frequency-dependent DS fading channel.
1) Frequency-Dependent Path Loss:
For signals propagated through UW medium, its energy is attenuated as a function of both the distance and signal frequency. This attenuation or path loss is a combination of the geometric spreading and absorption and can be written as [23] ( 7) where is the distance (meter) the signal has propagated and is the frequency in kilohertz.
represents the spreading loss and is the spreading factor which is set to 1.5. is the absorption coefficient in seawater which depends on numerous parameters and is given by [23] dB/m (8) Equation (8) is calculated when the salinity is 35 parts per thousand (ppt), gauge pressure is 1 atm, temperature 14 C, and the relaxation frequency is 111 kHz. These parameters are used for the rest of this paper.
2) Conventional Statistical Model: In [9] and [10] , UW CIR is modeled by a sum of several multipath components. Let denote a continuous-time CIR of linear time-variant (LTV) UW channels and its corresponding transfer function (9) where is the number of arrival paths. WSSUS is commonly assumed to characterize the channel [8] - [10] , [24] , i.e., where is the autocorrelation function of the delay between time and . Its corresponding scattering function is where . Let and denote the maximum channel delay spread and 3-dB Doppler spread of , respectively. This assumption is appropriate when the bandwidth is less than 10 kHz [9] .
3) Frequency-Dependent DS Fading Channels: Conventional UW propagation studies use WSSUS properties to characterize LTV UW channels, assuming equal attenuation across the signal bandwidth. This treats the entire frequency band as flat, neglecting frequency-dependent parameters of the individual arrival path. Frequency dependence of the instantaneous channel transfer function comes from different arrival time of the delay paths. However, various factors from channel physics such as the attenuation, reflection loss, or the transmitter/receiver operating ranges influence frequency dependency on the path loss. In this paper, we limit the impact of channel physics to only the attenuation (7) where is the propagation distance of the th delay path. Let denote a CIR of the th delay path corresponding to , i.e., where . Taking into account yields a modified channel CIR, (10) (11) (12) (13) is the distance between the transmitter and the receiver and we neglect the subscript of in (13) for simplicity. The approximation (12) is assumed given that . This is justified when 10 ms. ( is within 2.62% of for 50 kHz and 5 km.) Hence, the modified CIR is (14) From the sampling theorem, the -spaced discrete-time CIR is [25] (15) (16) (17) where and the approximation (16) is assumed for large .
and . , and is the maximum channel delay spread. From (17) , the channel transfer function can be written as
where and is the center frequency corresponding to the zeroth subcarrier. and where is the OFDM symbol length and is the arrival time of the first arrival path. Equation (21) is obtained under negligible ICI which will be discussed in Section IV. Moreover (23) (24) and (25) is the fading gain encountered by the signal transmitted on the th subcarrier.
is assumed constant within a subcarrier with center frequency .
is the approximate CIR. Expression (22) simplifies the transfer function of the frequency-dependent UW DS channels into a multiplication of two terms: the attenuation and statistical parts governed by the scattering function . We assume when the variation of within is negligible [32] .
is the OFDM symbol interval . Its range is related to of through and . This leads to a WSS but non-US fading channel [18] ( 26) where . Compared to the conventional WSSUS model which is uncorrelated in both delay and Doppler domains due to the stationarity in time and frequency, the proposed model is still uncorrelated in Doppler but correlated in the delay domain because of the attenuation. To further investigate , Fig. 2 shows a realization of when 5 and 20 km. The approximate CIR , which generates the statistical part , is assumed zero-mean complex Gaussian random variables with exponentially decaying power delay profile (PDP) with 20-dB power difference between the first and last paths. Transmit bandwidth is 51.2 kHz. Channel delay length is assumed 5 ms which corresponds to . The number of subcarriers is 512. From Fig. 2 , it is evident that the propagation distance and signal frequency have a significant impact on the realization of . To be consistent with (2)-(5), from (22) , a vector form for is (27) where and from (23). 
C. Ambient Noise
in (1) is assumed the ambient noise in the ocean. The ambient noise consists of four sources [6] : turbulence , shipping , waves , and thermal noise . They can be described by Gaussian statistics with a continuous PSD in dBre/ Pa per hertz (28) where is frequency in kilohertz and the overall noise PSD is (29) is the shipping activity and is the wind speed in meters per second. The ratio of the attenuation and the ambient noise PSD is crucial in determining a frequency band that maximizes signal-to-noise ratio (SNR) for each transmission distance.
III. CAPACITY OF THE UW CHANNELS
We derive the upper bound and the lower bound of the ergodic channel capacity of OFDM systems over UW fading channels as a function of the distance between the transmitter and the receiver. The capacity is given in bits per second by (30) and are the transmitted and received vectors as defined in (2)-(4) and the maximization is over the set of all input distributions that satisfy a given average-power constraint. is OFDM symbol interval . is obtained when the input vector follows a joint complex Gaussian distribution.
is obtained under imperfect CSI whose reduction from comes from limited mutual information from PSK constellation and the MMSE prediction error related to channel uncertainty [12] , [14] . This bounding technique is used in [12] for wireless fading channels. Ours is for UW channels, which exhibit different results because of the frequency-dependent fading statistics of the channels.
The bounds are derived under the following assumptions.
• Information of the attenuation (7) and the ambient noise PSD (29) of the UW channels are available at both the transmitter and the receiver.
• For the statistical part [ (23)] of UW channels, its approximate CIR is assumed a WSSUS random process with variance where . Rayleigh and Ricean fading are assumed in Sections III-B and III-C, respectively. A scattering function which characterizes is available at the receiver.
• The noise vector . and from (29) .
• The impact of the ICI is negligible compared to . Let denote the subcarrier spacing and the signal bandwidth. is the signal transmit power in dBre/ Pa. 
A. Upper Bound
Inequality (31) follows from Hadamard's inequality [11] . This result is similar to [6] which is the capacity of the time-invariant UW channels but ours is scaled by a factor of which is greater than one to avoid the IBI. is subject to the source power constraint where is chosen so that (33) is satisfied according to the water-filling algorithm [11] and is defined as .
B. Lower Bound Over Rayleigh Fading Channels
We lower bound the capacity (30) by the mutual information rate when is drawn from a PSK constellation. Channel fading statistics are assumed available at the receiver, not the transmitter. We follow a similar approach [12] to determine but our results show that the decrease in depends not only on the channel variations but also on the propagation distance between the transmitter and the receiver. This result has never been presented anywhere for UW channels.
Consider the mutual information where each entry of , , is drawn from PSK modulation whose amplitude and phase has a uniform discrete distribution across a circle.
is an i.i.d. RV. Using the chain rule, can be written as
The inequality in (36) is due to the nonnegativity property of the mutual information. Exact calculation of the mutual information is infeasible due to the non-Gaussian distribution of [28] . Note that [29] (37) where , , and since the input has an i.i.d. distribution and every block of the channel coefficients has the same distribution. We set according to (34) under constraint (33) and apply it to . This water-filling policy is suboptimal for PSK constellation [30] . is calculated in Appendix II which yields
where is the vector whose th entry is .
is the linear MMSE prediction error matrix which depends on both the transmission distance and channel variation . Then, substituting (37) and (38) into (36), the mutual information is
Finally, the lower bound of the capacity can be written as (40) (41) where is calculated given infinite past channel symbols. From (40), unlike [12] and [19] , channel scattering function is not explicit but lies within .
C. Lower Bound Over Ricean Fading Channels
We extend our lower bound results to Ricean fading channels. Let denote a Ricean fading parameter which is the ratio of the fixed to a scatter part. is assumed independent of the transmission distance and identical for every delay path. The approximate CIR of the th path is modeled as (42) where (43) and (44) . is assumed uniformly distributed from to and uncorrelated across different delay paths. We follow the same approach to derive the lower bound as in Section III-B. For , using (42), is (45) From (45), sum of the scatter part follows . This causes where . For , we assume that the receiver can successfully track the fixed part and the autocorrelation function of the approximate CIR is (46) where . Then, apply (46) to calculate and obtain .
IV. SIMULATION RESULTS
We examine the capacity upper bound and lower bound of OFDM systems over frequency-dependent UW fading channels as a function of the distance between the transmitter and the receiver. The UW fading channel is modeled by two parts: the attenuation and statistical parts. The attenuation part is explained in Section II-B1. For the statistical part of the UW channel, the delay profile of the scattering function is assumed exponentially decaying whose maximum delay spread is set where the first and last arrival paths have 10-dB power difference. In the Doppler profile of the scattering function, its range is determined by , the 3-dB bandwidth of the frequency response, and its shape will be discussed in Section IV-A. For , the shipping activity , and wind speed 10 m/s. For the OFDM transmitter, OFDM symbols are transmitted at frequency beyond 1 KHz. Frequencies below 1 KHz are excluded since the data rate would increase very slightly from those bands. Energy allocation across transmit bandwidth is implemented using (34) subject to power constraint (33). 145 dBre/ Pa and Rayleigh fading are assumed unless stated otherwise.
1) Limitations Due to the ICI:
Because of the attenuation , the variance of the ICI is frequency dependent. Using an approach similar to [26] , its variance at the th subcarrier is (47) where (48) and is the energy allocation to th subcarrier based on the physical properties available at the transmitter as mentioned in Section III.
Our model assumes the ICI variance (47) is negligible compared to that of the ambient noise (29) . In the simulation, we limit the ICI variance to be at least 3 dB lower than . From (47), the ICI variance depends on , and the ranges and shape of the scattering function. We focus on two types of the scattering function: AR-1 and uniform whose 3-dB bandwidth is equal to . Let and denote the AR-1 and uniform scattering functions of given by Note that of is related to of by and where is the signal bandwidth from (34). and represent severe and mild channel variations, respectively. These scattering functions are assumed unchanged over the transmission ranges of interest. Fig. 3 displays variance of the ICI at their widest spread of both scattering functions when 5 km such that its variance is at least 3 dB lower than that of the ambient noise for most of the transmission bandwidth. For the AR-1 model, 1 ms and 1 Hz. For the uniform model, 5 ms and 7 Hz. These give the maximum channel variations that can be used in our derivation described in Section III when 5 km. Since the ICI is lower at longer distances due to stronger attenuation, these will be used as channel variation limitations for 5 km. Notice that occupy wider ranges of compared to . This is due to the more severe impact on the ICI of the AR-1 model than the uniform model.
We notice that the 3-dB gap is violated when signal bandwidth is greater than 31 kHz. These account for only 0.39% of the total signal energy and have negligible impact on the capacity as justified in Appendix I. Under these limits, the subcarrier spacing and OFDM symbol interval are determined as follows. For the AR-1, 500 Hz and 15 ms. For the uniform model, 100 Hz and 3 ms. This guarantees that is less than the channel coherence bandwidth with no IBI. 2) Impact of the Signal Bandwidth: Fig. 4 shows the impact of the signal bandwidth on and for . From the figure, both and increase as a function of signal bandwidth and remain fixed when is greater than a certain value. We define this value as the capacity-maximizing bandwidth which is a signal bandwidth that maximizes both and . Both and remain fixed for since no information is sent at frequencies beyond . The gap is rather wide due to the limited mutual information that can be conveyed by the PSK constellation. Figs. 5 and 6 show the impact of the ranges of on over the distance for and , respectively. In both figures, the left column exhibits the impact of varying while the right column exhibits the impact of varying . The upper row displays and as a function of the transmission distance. Also shown are their corresponding capacity maximizing bandwidth and results from the AWGN channel [6] . The lower row displays the gap between and , exhibited as the ratio of to . As expected, the ratio between and increases as either or increases. The ratio could be as high as 0.42 as shown in Fig. 6 when 5 km. This is due to the higher prediction error influenced by stronger channel variations.
3) Impact of the Ranges and Shape of the Scattering Function:
We compare the impact of the shape of the scattering function in Fig. 7 when 1 Hz and 1 ms. We set 500 kHz and 15 ms. From the figure, from is lower than that of as shown in Fig. 7(a) . From Fig. 7(b) , the ratio for is approximately within 0.42-0.65 while that of is more than 0.60. 4) Impact of Over Ricean Fading Channels: Fig. 8 shows the upper and lower bounds to the channel capacity over Ricean fading channels. The Ricean fading parameter is set to 5, 0, 5, and 10 dB, identical for every path and independent of the distance. The Doppler spread profile of the scatter part [ from (46)] is assumed uniformly distributed. The fixed part is perfectly known at the receiver. From the figure, the gap between the upper and lower bounds decreases as increases which is due to the reduced power in the scatter part of the channel.
5) Impact of the Transmission Distance: From Figs. 5 and 6, both and decrease at longer distance owing to strong channel attenuation which determines . The ratio between and tends to increase at either short ( 5 km) or very long ( 65 km) distance. The gap at a short transmission distance is due to the energy wasted because of the PSK constellation while the gap at a very long distance is due to the higher prediction error because of the stronger attenuation. . is 1 Hz and is 1 ms. is plotted as a reference. From the figure, a significant decrease in and occurs especially at the long distance. This shows that for data transmission at low power, a short distance or multiple short hops across the transducers are preferred to one long transmission.
V. EXPERIMENTAL DATA
We investigate the capacity of OFDM systems using the scattering function from real UW environments measured from the RACE08 experiment. We select data from the receiving arrays which are 1000 m from the transducer. The array is a 12-element vertical array with 12-cm spacing between elements. 8-PSK signals are upsampled by a factor of ten and filtered by a square root raised-cosine filter with a rolloff factor 0.25. A block of data which contain 64 data symbols are transmitted every 28.7 ms. A guard period is inserted between blocks to avoid the IBI. The bandwidth is 4.8 kHz at 12-kHz carrier frequency. Fig. 10(a) shows a contour plot of the estimates of the scattering function and Fig. 10(b) shows their corresponding PDP of process I-IV obtained from four different measurement periods. The scattering function is estimated using the AR spectral estimator [31] . The sampling frequency in delay domain is 3.9 kHz and 35 Hz in the absolute time domain. As shown in (22) in Section II-E, frequency-dependent UW fading channels consist of two parts: the attenuation and statistical parts. In this section, we use the estimate scattering function from RACE08 experiments to approximate the statistical part of the UW channel, i.e., the scattering function. The frequency selectivity due to the attenuation on the estimate scattering function is negligible because of small transmit bandwidth (4.8 kHz). The approximation of the estimate scattering function is divided into two parts: the PDP and Doppler spectrum.
1) PDP:
Based on the observations sampled at 3.9 kHz, we fit the PDP using linear interpolation. The PDP ends when the power difference between the first and last paths is less than 10 dB as confirmed by the experiment.
2) Doppler Spectrum: We model channel variation of each estimate tap delay (sampled at 3.9 kHz) by the AR-process whose order is calculated using the AIC [31] method. Note that data obtained in the absolute time domain are sampled at 35 Hz. Let and denote the AR-order and predictor coefficients of the estimate th delay path. We approximate the arrival paths which arrive between the estimate th and th delay paths to share the same AR-order and predictor coefficients with the th path.
We calculate and of the OFDM systems under UW channels whose statistical properties are approximated from RACE08 experiment. These approximate statistical properties are assumed unchanged over the transmission range of interest. The attenuation and the ambient noise PSD are modeled using the same parameters as mentioned in Section IV. Power is set at 145 dBre/ Pa and energy allocation across the bandwidth is calculated using (34). Fig. 11 (a) shows and from process I-IV over a range of the distance. Their corresponding are displayed in Fig. 11(b) . From the results, process II yields the best performance while process IV yields the worst. This is due to high Doppler spread at the dominant arrival paths in process IV while process II experiences smallest Doppler spread for almost every arrival path as shown in Fig. 10 . Processes I and III exhibit similar results although process III is slightly worse since more dominant paths experience stronger Doppler spread compared to process I. 
APPENDIX I ICI JUSTIFICATION
To investigate the ICI impact, we ran a simulation assuming that the ICI behaves as an independent complex Gaussian RV. Therefore, the total noise accumulated in the simulation is the ICI plus the ambient noise. From (1), by including the ICI, the received signal can be written as
where is the complex Gaussian noise consisting of the ambient and ICI noise whose variance is equal to . Using this assumption, we calculate the mutual information and present the upper and lower bounds as a function of bandwidth in Fig. 12 . The distance between the transmitter and the receiver is 5 km. This distance gives highest ICI variance since longer distance means higher attenuation resulting in lower ICI. This figure can be compared with Fig. 4 . From Fig. 12, when 1 Hz, because of the ICI, is reduced by 5.89% and is reduced by 3.03%. Moreover, the ratio when taking into account the ICI is 0.439 while the ratio without the ICI is 0.426. For 0.1 Hz, is reduced by 0.68% due to the ICI while is reduced by 0.47%.
In conclusion, we have shown that by taking into account the ICI as an additive complex Gaussian noise, is reduced by at most 5.89% while is reduced by at most 3.03%. This reduction is quite small and has little impact on the overall performance, and justifies our ICI setting. 
APPENDIX II DERIVATION
To calculate , use the chain rule of the differential entropy [11] 
where (55) and (56) are obtained using extracted from (2) and (27), respectively. is the MMSE channel estimate given the current and past detected symbols and can be written as the 1-step output of the linear multiple-input-multiple-output (MIMO) predictor filter of length (57) and is the predictor coefficient of size . With OFDM input/output relationship (1), the observation is obtained by
Then, from (56), is
where is the linear MMSE prediction error matrix obtained using the orthogonality principles , which yields
where the th entry of is . To solve and , using the orthogonality principle yields (61) where . Combining (61) and (60), the general form of the th-order multichannel normal equation is (62) where , , and is a block-Toeplitz matrix which consists of block entries of a matrix . Solving (62) to obtain a set of the predictor coefficient and can be done using multichannel Levinson algorithm [31] . Note that from (60), depends on both the transmission and channel variations . Substituting (59) into (54) and into (53) so that can be written as
Equation (63) follows determinant identity . The th entry of the vector is .
